Abstract. We obtain sharp conditions distinguishing extinction from persistence and provide sufficient conditions for global stability of a positive fixed point for a class of discrete time dynamical systems on the positive cone of an ordered Banach space generated by a map which is, roughly speaking, a nonlinear, rank one perturbation of a linear contraction. Such maps were considered by Rebarber, Tenhumberg, and Towney (Theor. Pop. Biol. 81, 2012) as abstractions of a restricted class of density dependent integral population projection models modeling plant population dynamics. Significant improvements of their results are provided.
1. Introduction. Rebarber, Tenhumberg, and Towney [22] formulate a nonlinear abstract density dependent integral projection model given by
for the dynamics of stage structured population model with plant populations in mind.
Here, A is a bounded positive linear operator on an ordered Banach space X with spectral radius less than unity, b is a positive vector in X, c T denotes a positive bounded linear functional on X, and f : [0, ∞) → [0, ∞).
In the biological applications, X is R N or L 1 (D), b represents the distribution of new members of the population, c T x gives the seed-production or off-spring produced by state x, f describes the density dependence of fecundity, and A describes movement and survival.
In the finite dimensional case, the dynamics of similar models, and more general ones, have been well-studied. See the monographs by Caswell [1] and Cushing [2] , and the papers [4, 6, 14, 16] . The monograph by the authors [25] contains many newer references to the literature on persistence results for finite dimensional models and proves some new ones. See especially Chapter 7 and Sections 3.1 and 8.6 in [25] .
In this note, we explore the global dynamics of these systems, taking advantage of the special structure. We are motivated by the work of Rebarber et al. [22] to seek sharp conditions distinguishing extinction and uniform persistence of the population as well as global stability. Persistence of the plant population was not addressed directly in [22] although their Theorem 3.2 gives sufficient conditions for nonzero orbits to be unbounded. As a special case of our results, we show that if f (0)c T e < 1, where e = (I − A) −1 b, then the extinction equilibrium is locally asymptotically stable while if the reverse inequality holds (f (0) = ∞ is allowed), then the plant population persists in several natural senses. Persistence results are especially important in the general case that f is not assumed to have special properties such as monotonicity or concavity. We provide simple conditions that ensure the existence of a compact global attractor of bounded sets for the dynamical system generated by (1.1). Sufficient conditions for local stability and instability of fixed points are provided. Our global stability result for a unique positive fixed point, Theorem 5.8, is an improvement over Theorem 3.3 in [22] . Indeed, we do not assume that f is monotone and concave and their assumption that c T is strictly positive implies our hypothesis (b). Finally, two examples are provided which illustrate our results. The principal example is a size-structured integral population projection model where the structure redistribution kernels are measures so the dynamics takes place in the space of measures. In this example, the linear operator A is generally not compact.
For a small selection of continuous rather than discrete time size-structured models and their analysis see [7, 8, 9, 10, 11, 12] .
2. Fundamentals of the dynamics. Let A be a positive linear bounded operator on an ordered Banach space X with positive cone X + , that is, AX + ⊂ X + . Let σ(A) denote the spectrum of A and assume that its spectral radius, r(A), satisfies r(A) < 1. We point out that A is not assumed to be a compact operator.
In the applications, X is typically R n , L 1 (D) or the space of finite signed measures M(E, S). The positive cone is the set of vectors with nonnegative components, the set of almost everywhere nonnegative functions, or the set of nonnegative measures.
Let b ∈ X + be a nonzero positive vector and c T be a bounded positive linear functional on X. We write x ≤ y or y ≥ x when x, y ∈ X and y − x ∈ X + ; similarly, if S, U ⊂ X we write S ≤ U if the inequality holds between every pair u ∈ U and s ∈ S. If x ≤ y, [x, y] = {z ∈ X : x ≤ z ≤ y} denotes the order interval with endpoints x and y. We write x < y if x ≤ y and x = y.
Occasionally, we will assume that the cone X + is normal or, equivalently, the norm is semi-monotone: There exists some c ≥ 0 such that x ≤ c y whenever 0 ≤ x ≤ y. Then the original norm can be replaced by an equivalent monotone norm (c = 1) [20, Sec.4.1] [23] .
Let f : R + → R + be continuous, f (0) = 0 and f (s) > 0 for s > 0. Consider the semilinear map F :
Our interest is in the dynamical system generated by the difference equation
i.e., in the discrete semiflow {F n ; n ∈ Z + }.
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The variation of constants formula
can easily be proved by induction. By the triangle inequality,
The positive vector e defined by e = (I − A)
will play a key role. If c T e = 0, the difference equation (1.1) can be explicitly solved and x n → 0 as n → ∞.
Then, for all n ∈ N,
Proof. Notice that c T e = 0 implies that c T A n b = 0 for all n ∈ Z + . The variation of constants formula implies that c
Since r(A) < 1, the sequence (f (c T A n x 0 )) is bounded and the series ∞ k=1 A k−1 b converges. So we can apply Fatou's lemma (with the counting measure) and
The right hand side converges to Ce as k → ∞. Since X + is closed, z n ≤ Ce for all n ∈ Z. In particular z ≤ Ce.
F is said to be point dissipative if there exists N > 0 such that lim sup n→∞ x n ≤ N, x 0 ∈ X + , for any sequence (x n ) given by (2.2). F is said to be eventually bounded on bounded sets if for every M > 0 there exists someM > 0 and m ∈ N such that x n ≤M for all n ≥ m whenever x 0 ≤ M .
F is said to be asymptotically smooth if every bounded forward invariant subset of X + is attracted by a compact set. See [2, 17, 25] for these definitions. The following result explores their consequences.
; n ∈ N} has compact closure. Its omega limit set ω(x 0 ) is nonempty, compact, invariant, and
has compact closure in X + , attracts every point of We give an easy condition for F to be point dissipative and eventually bounded on bounded sets. Before we can do so, we need to observe that linearizations of F , if they exist, are of the form
with µ ∈ R, and prove an important relation for the spectral radius of B. Proof. We pass to the complexification of X. Let
Then v λ = 0 and, if λ > r(A), then v λ ≥ 0. As 
Thus we conclude that |λ| > r(A) satisfies λ ∈ σ(B) if and only if µc T v λ = 1 and λ is an eigenvalue of B.
Define If
If r(B) = 1 and µ > 0, then as shown above, one is an eigenvalue of B with eigenvector v 1 so µh(1) = µc T e = 1. Now consider the case that µ < 0 (note B = A when µ = 0 so r(B) = 1 cannot hold). If r(B) = 1, then there exists a sequence (λ n ) in σ(B) such that 1 ≥ |λ n | → 1. Since r(A) < 1, we can assume that |λ n | > r(A) for all n ∈ N. By our previous consideration, 1 ∈ σ(µv λn c T ) and
T e so |µ|c T e ≥ 1 and hence µc T e ≤ −1. In summary of this and a preceding paragraph, for the case µ < 0, we have shown that if r(B) ≥ 1, then µc T e ≤ −1 with strict inequality in case that r(B) > 1.
as shown above. This contradiction proves the implication: µc
T e = 1 implies that r(B) = 1.
We give a condition in terms of f for F to be point dissipative and for all bounded sets to have bounded forward orbits.
Theorem 2.5. Let the cone X
+ be normal and
Then F is point dissipative and any bounded subset S of X + has a bounded orbit
So F is eventually bounded on bounded sets and the semiflow induced by F has a compact attractor of bounded sets.
Proof. There exists a, > 0 such that f (s) ≤ a + s and (c T e) < 1. Set y = ab and define D : [25, Prop.7 .2] has only been formulated for X = R N , the proof works for any ordered Banach space with normal cone. Notice that, if the cone is normal, the original norm can be replaced by an equivalent monotone one.
Then there exists N > 0 such that lim sup n→∞ x n ≤ N for all x 0 ∈ X + . Further, after switching to an equivalent norm, there exists some R > 0 such that
whereB s is the closed ball with center 0 and radius s. This implies that F is point-dissipative and eventually bounded on every bounded subset of X + .
3. Extinction and stability of the extinction state. Obviously, the extinction state x = 0 is a fixed point of F . We expect that the zero fixed point is stable when r(F (0)) < 1, equivalently, by Theorem 2.4 with µ = f (0), when f (0)c T e < 1, and unstable if the reverse strict inequality holds.
The positive linear functional
will play a useful role. As y
(a) Then 0 is stable with respect to
, then x n → 0 whenever y T x 0 <η, and 0 is locally asymptotically stable.
Then the terms y T x n form a decreasing sequence and (a) follows.
After switching to an equivalent norm, we can assume that A < 1 [19, 2.5.2] . Let > 0 and x 0 ≤ . Then, for n ∈ N,
Choosing δ ∈ (0, ) small enough, we can achieve, x n ≤ for all n ∈ N provided x 0 ≤ and y
(c) Let α be the limit of (y
This implies that −c
There exists a strictly increasing sequence (n k ) of natural numbers such that c
A n b converges, we can apply Lebesgue's dominated convergence theorem (with the counting measure) to (2.4) and obtain x n → 0 as n → ∞. There exists some > 0 such that lim sup n→∞ c
Corollary 3.2. (a) If f is differentiable at 0 and f (0)c T e < 1, then 0 is locally asymptotically stable. (b) If
Proof. Suppose that the semiflow is not uniformly weakly persistent in this sense.
So, after a shift in time, we can assume that y T x n > 0 for all n ∈ Z + and c T x n ≤ for all n ∈ Z + . Now choose > 0 so small that
with some ξ > 1. Since (x n ) is a bounded sequence in X + , we can define its generating function (discrete Laplace transform) bŷ
4) with another bounded sequence (a n ) in X + . We multiply this recursion by q n and sum from 0 to ∞,
Putting back a n = f (c T x n )b, we obtain
We apply the functional c T ,
We take the limit q → 1,
Next we convert this weak persistence (limit superior) into strong persistence (limit inferior).
Theorem 4.2. Assume that the semi-dynamical system generated by F is point dissipative and c
T ef (0) > 1. Then F is uniformly y T -persistent: There exists some > 0 such that
Proof. By Theorem 4.1 and y T ≥ c T , F is uniformly weakly y T -persistent, i.e., (4.11) holds with limit superior in place of limit inferior. Now, we leverage the weak persistence (with limit superior) to get strong persistence (with limit inferior). For this we employ a standard "weak persistence implies strong persistence" result, Corollary 4.8 in [25] , using the notation of that result. The compact attracting set Ω (see Proposition 2.3) can serve as the required attracting set B of Corollary 4.8. As already noted in the proof of Theorem 4.1, if y T x 0 > 0, then y T x n > 0 for all n ≥ 0; so by Remark 4.9 in [25] , it follows that all hypotheses of Corollary 4.8 are satisfied. Corollary 4.8 implies (4.11).
Next, we strengthen our hypotheses in order to obtain a stronger persistence result. 
. Now either of the two assumptions implies that c T x −1 = 0 and so z T x −1 = 0. By induction, z T x −n = 0 for all n ∈ Z + . This implies x n = Ax n−1 for n ≤ 0. Again by induction, x 0 = A n x −n for all n ∈ N. We take the limit as n → ∞ and, since (x n ) is bounded, x 0 = 0, contradicting 0 ∈ S.
(b) We also assume that F is point dissipative.
Let If can be chosen to be zero in Theorem 4.3, we can draw further conclusions.
Theorem 4.4. Let c
T ef (0) > 1 and at least one of the following two assumptions be satisfied,
Then the following hold: (a) If S is a compact invariant subset of
Assumption (i) essentially means that first-year plants make seeds or first-season animals are fertile. It is weaker than strict positivity of c T , assumed in [22] . Assumption (ii) means that an individual that reproduces this year also has a chance to reproduce next year. The example in Section 8 shows that these assumptions are necessary. 
Proof. (a) Let
By induction,
Then S has compact closure and S andS are invariant. By Theorem 4.3, with = 0, inf x∈S c T x > 0. Then statement (b) follows from part (a).
5.
Global dynamics for general f . The special structure of F ensures that existence of nonzero fixed points will not be a difficult challenge.
Lemma 5.1. F (x) = x if and only if
Equation (5.2) and the fact that b > 0 imply that either F (te) > te, F (te) < te, or F (te) = te. This is particularly useful when F is monotone.
The derivative of F at a fixed point x = pe, p ≥ 0, exists if f (pc T e) exists, and
We expect that the fixed point pe is stable when r(F (pe)) < 1 and unstable when r(F (pe)) > 1. 
Hence f (pc T e)c T e < 1 and r(F (pe)) < 1 by Theorem 2.4. Now consider the case f (pc T e) < 0. Since
Hence f (pc T e)c T e > −1. We take the contrapositive of the last statement in Theorem 2.4 and obtain that r(F (pe)) < 1.
So, in either case, r(F (pe)) < 1. Then
After choosing an equivalent norm,
Since F is differentiable at pe, there exists some δ > 0 such that G(x) ≤ x − pe whenever x − pe ≤ δ. Hence
So, if x 0 − pe < δ and x n = F n (x 0 ), the terms x n − pe form a decreasing sequence which converges to 0.
Remark 5.3. The assumptions for f can equivalently be condensed in one inequality,
s < 0, it follows from the proof of Theorem 5.2 that these inequalities are actually equivalent to r(F (pe)) < 1.
The following abstract instability result holds as expected.
Theorem 5.4. If r(F (pe)) > 1, then the fixed point x = pe is unstable, i.e., there exists some > 0 and a sequence
Proof. Since the linear map x → f (pc T e)(c T x)b is compact and r(A) < 1 < r(F (x)), all spectral values λ of B = F (x) with |λ| ≥ 1 are eigenvalues and do not belong to the essential spectrum of B; in particular they are poles of the resolvent of B and have finite dimensional generalized eigenspaces [18] . Let λ 1 , . . . , λ k be the eigenvalues of B whose absolute values equal r(B). Let P j be the projection onto the generalized eigenspace of λ j [30, Thm.VIII.8.3] . Then the P j : X → X are bounded linear operators such that BP j = P j B, P j P j = P j , P j P i = 0 if i = j. Further λ j is an eigenvalue of BP j and the only one. Set P = k j=1 P j . Then P is a projection that commutes with B and λ 1 , . . . λ k are the eigenvalues of P B and r((I − P )B) < r(B). Choose q 1 and q 2 such that r((I − P )B) < q 1 < q 2 < r(B), q 2 > 1.
Let X 1 = P (X) and X 2 = (I −P )X. Then X = X 1 ⊕X 2 with two forward invariant subspaces, X 1 finite dimensional and invariant. The restriction of B to X 1 , B 1 , is invertible on X 1 and and r(B −1
x for all x ∈ X 2 and n ∈ N. We are now in the situation of [5] (see also [15, Prop.5.10] ) and the instability of x follows.
The following is a partial instability result in terms of f . 
Finally
A 1 is called the y T -persistence attractor of F Before proving this result, we require some preliminaries. The monotone unfolding g :
Some of its properties are listed below.
Lemma 5.7. (a) g is increasing in the first argument and decreasing in the second. (b) g is continuous. (c) For any
t > 0, g(s,t) s → f (0) as s → 0+. (d) For any t ≥ 0, lim sup s→∞ g(s,t) s → f (∞). (e) For 0 ≤ s ≤ t, g(s, t) ≤ f (s), f (t) ≤ g(t,
s).
These statements are either proved in [26, L.3.7] or follow in a similar way.
Proof of Theorem 5.6. By Theorem 2.5, there exists a compact attractor of bounded sets. By [25, Thm.5.7] , there exists a y T -persistence attractor A 1 that has most of the properties listed above including inf y
Let S be a bounded subset of X + and S ≥ δe for some δ > 0. By Theorem 2.5,
By induction, u n ≥ δe for all n ∈ Z + . Hence Next, we link the global stability of a nontrivial fixed point of F to that of the scalar function φ : Proof of Theorem 5.8 . The existence of a non-zero fixed point of φ is immediate from Lemma 5.1 and our hypotheses.
T y)b so by Lemma 5.7, F is monotonically decomposable in the sense of [24] . Define G : F (x) ) and, by [24, Lemma 1] , G is monotone with respect to the "southeast ordering" defined by (x, y) ≤ C (x,ȳ) whenever x ≤x and y ≥ȳ: 
By the monotonicity properties of g and (5.5),
Therefore, the hypotheses of [24, Theorem 2] are satisfied and therefore {(x n , y n ) = G n (x 0 , y 0 )} n≥0 , which satisfy the difference equation
also satisfy
and, if {(x n , y n )} n≥0 converges, say to (
so that
Indeed, since the set [c T x 0 , c T y 0 ]b is compact in X + and r(A) < 1, the sets {x n ; n ≥ 0} and {y n : n ≥ 0} have compact closure in X + and therefore {(x n , y n )} n≥0 converges to (x * , y * ) where Given an arbitrary x ∈ X + satisfying x ≥ se for some s > 0, we can always choose x 0 , y 0 as above with x 0 < x < y 0 , so we may conclude that
If S ⊂ X + is bounded with S ≥ se for some s > 0, then ω(S) ⊂ [δe, Ce] for suitable C > δ > 0 by Theorem 5.6. As we may take x 0 and y 0 as above with ω(S) ⊂ [x 0 , y 0 ], we conclude that 9. Example with a general structure redistribution kernel. As another application, we consider a discrete time structured population model, sometimes called an integral population projection model, like in [22] , but we allow structure redistribution kernels that are measures. Let (E, S) be a measurable space, i.e., E is a set and S a σ-algebra of subsets of E. Let K : S × E → R + be the yearly structure redistribution kernel: If η ∈ E and S ∈ S, then K(S, η) is the probability that the structural state of an individual lies in S if it was equal to η in the previous year. Let X = M(E, S) be the Banach space of finite (signed) measures on S with the norm being given by the total variation. The state space for the semiflow is the cone X + consisting of the nonnegative measures. As the norm is monotone, the cone X + is normal. We assume that K(·, η) is a nonnegative measure on S for any η ∈ E and K(S, ·) is measurable on E. Further sup η∈E K(E, η) < 1. Notice that K(E, η) is the probability of surviving the year if the structural state is η.
Let f : R + → R + satisfy the assumptions of Section 2. Then the model takes the form
The measure x n describes the structural distribution of the population in the n th year. The nonnegative measure µ gives the structural distribution of individuals that complete their first year. h(η) is the fertility of an individual with structural state η and h : E → E a bounded measurable function. Under our assumptions for K, there is a unique nonnegative measure e on S such that
The following is an immediate consequence of Theorem 5.8.
Theorem 9.1. Assume that f (0) = 0 and f (s)/s is strictly decreasing and sf (s) is strictly increasing in s > 0,
Then the following hold. (a) There exists a unique positive measure x such that
Notice that the operator A on M(E, S) given by the redistribution kernel K will not be compact in general.
More specifically, let the structural variable be the weight of an individual, E = R + . Let us assume that the reproductive season is very short and occurs at the turn of the year. Assume that the weight at the end of the year is uniquely determined by the beginning of the year. Let k(η) be the weight at the end of a year when the size is η at the beginning. To be specific, k(η) = η + η 0 where η 0 is a constant weight increase per year. Set K(S, η) = χ S (k(η))p(η) with χ S being the characteristic function of the set S and p(η) the probability of surviving the year. Let S be the set of Borel subsets of R + . Recall that M(R + ) = M(R + , S) is the dual space of C 0 (R + ), the space of continuous functions that vanish at infinity. Then, for the dual of A, A * ,
Also recall that A * is compact if and only if A is. If A were compact, A * would map bounded subsets of C 0 (R + ) into equicontinuous ones which obviously is not the case. Notice that A can be restricted to L 1 (R + ) with (Ag)(s) = p(s − η 0 )g(s − η 0 ),
where g and p are extended by 0 to the negative real numbers. If the restrictionÃ to L 1 (R + ) were compact, then its dualÃ * would be compact on L ∞ (R + ) which it is not by the same reason as before. Discussion. To our knowledge, there is little discussion of persistence in continuous time size-structured population models with the qualitative analysis concentrating on steady states, local stability, and bifurcations [8, 10, 12] . The monograph [25] avoids size-structured population models because establishing existence and uniqueness of their solutions can be highly nontrivial [13, 27] and definitely is page and time consuming [7, 9, 11] . Discrete time models, by their very nature, obviate existence and uniqueness issues completely, and their qualitative behavior can be taken on right away (however, if the modeling is detailed, the continuity of the map may become an issue). Motivated by [22] , this paper studies persistence and global stability in a simple discrete time model. The results apply to size-structured models where only the reproduction of individuals (via the function f ) but not their growth and survival (represented by the linear operator A) depend on the population density. This restriction allows us to prove global stability results as well. The latter presumably will not extend to density-dependent individual growth while we are fairly optimistic that the persistence results, after suitable modification, may.
